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ABSTRACT

A convex body R of Euclidean d-space £¢ is called reduced if there is no
convex body properly contained in R of thickness equal to the thickness A(R)
of R. The paper presents basic properties of reduced bodies in E2. Particu-
larly, it is shown that the diameter of a reduced body R C E? is not greater
than /2A(R), and that the perimeter is at most (2 + 4m)A(R). Both the
estimates are the best possible.

1. Introduction

By a convex body of Euclidean d-space E¢ we understand a compact convex
set with nonempty interior. The set of all points between two parallel hyper-
planes, including the hyperplanes, is called a strip. Let C be a convex body of
E“. The symbol bd(C) denotes the boundary of C. By a C-strip we mean a strip
containing C whose both bounding hyperplanes support C. If a point pE
bd(C) belongs to a hyperplane bounding a C-strip S, we say that S passes
through p. The C-strip whose bounding hyperplanes are perpendicular to a
direction Zis denoted by S(C, ). By the widthw(C, /) of C in a direction /
we understand the distance of the hyperplanes bounding S(C, /). The
number A(C) = min w(C, /), where the minimum is taken over all directions
Z is called the thickness of C. The diameter of C is denoted by diam(C) and
the perimeter of C C E? by perim(C).

A convex body R C E? is called reduced if A(P) < A(R) for every convex
body P C R different from R. This notion was introduced by Heil [6] who
asked if every reduced strictly convex body of E¢ is of constant width. Dekster
[1] gave the positive answer for d = 2. He also proved [2] that every reduced
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almost spherically convex body of E¢ s of constant width. We present further
properties of reduced bodies.

The importance of the notion of reduced body follows, in particular, from
the fact that for many extremal problems concerning the thickness of convex
bodies it is sufficient to limit the considerations to the class of reduced bodies.
First of all, we mean the classical problems of finding or estimating the
minimum of the ratio of the i-th volume to the thickness of a convex body.
Other problems of this kind are how large can be a regular simplex and a cube
contained in every convex body C C E?of thickness 1. Also for most problems
discussed in [4] it is sufficient to consider only reduced bodies.

In order to make the subject closer to the reader, let us present a few
examples of reduced bodies. It is clear that all convex bodies of constant width
are reduced. Another example is the set

(oo, Xg); X2+ -+ +x3=r* and x,20 fori=1,...,d)},

whose 2-dimensional case, called the quarter of a disk, plays an important part
in this paper. The convex hull of points whose polar coordinates ¢, r fulfil
|¢| < 4inmand r€{ — 4}, i} is a reduced body. All regular odd-gons are reduced.
There are non-regular reduced polygons, for example, the pentagon with
vertices w,(0, 0), wy(4, 0), wy(1, \/5 — 1), w4(\/§ —1,1) and ws(0, 4), where
A =10.509... is the number such that w, is in the distance 1 from the straight
line through w, and w;.

The author wishes to thank Peter Gritzmann for collaboration at the early
stage of this research.

2. A theorem on extreme points of reduced bodies

Exceptionally, this short section is formulated for reduced bodies in E2. The
considerations do not differ from those when d = 2.

THEOREM 1. Through every extreme point of a reduced body R C E¢ an
R-strip of thickness A(R) passes.

ProoFr. Consider an extreme point e of R. Denote by B; the open ball of
radius A(R)/i centered at ¢, where i =2, 3, ... . The convex hull R;of R\ B;is

aconvex body fori =2,3,... . Since e is an extreme point of R, then R;isa
proper subset of R for i =2,3,... . Since R is reduced, A(R;) <A(R) for
i=2,3,... . Thus an R;-strip S, of thickness A(R;) passes through a point

D €bd(R,) contained in the closure of B;, i =2, 3,... . Since the sequence
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{p;} tends to e and since U2, R, = R\ {e}, there is a subsequence of the
sequence {S;} convergent to an R-strip S passing through e. From A(S,) =
AR)<A(R) for i =2,3,... we obtain that A(S) = A(R). Since R C S, we
have A(S) = A(R), which ends the proof.

If through every boundary point of a convex body exactly one supporting
hyperplane passes, the body is called smooth. From Theorem 1 and from the
obvious fact that every supporting hyperplane of a convex body passes through
an extreme point of this body we obtain

COROLLARY 1 ([5]). Every smooth reduced convex body in E%is of constant
width.

3. Basic properties of reduced bodies in £

If the oriented positive angle from a direction Z to a different direction 4 in
E?is smaller than 7, we write £, < 4. By 4/ < 4, wemean £ < 4or /= 4.
If /< 4 and £ < /< 4, then we say that Zis between £/ and 4. If £ < 4,
and £ < /< 4, then / is said to be strictly between £ and 4, The closed
segment connecting points x and y is denoted by xy and the vector with the
origin x and the endpoint y by ;}: The symbol | xy | stands for the distance of x
and y. If x, y €bd(C), by Xy we denote the arc of bd(C) from x, in the positive
orientation, to y. By | Xy | we mean the length of Xp.

THEOREM 2. Let R C E? be a reduced body . For every direction £ such that
w(R )= A(R) there are unique points a( /) and b( /) in bd(R) such that
[a(2)o( )| = A(R) and that a( £)b( L) is of the direction £

The notation a( /), b(/) introduced in Theorem 2 is used in the whole
paper. The author conjectures that Theorem 2 holds true in E“.

THEOREM 3. Let 7, and e, where m, < m,, be directions such that
W(R, 72,) = A(R) = w(R, 72,) and that w(R, =) > A(R) for every direction
strictly between 72, and 7z,. Then the segments a( 7,)a( 7,) and b( 72,)b(7,)
are in bd(R). One of them is perpendicular to », and the another to ,.
Moreover, the angle y from m, to m, is not greater than im and
la( 7z )a(7,)| = AR)tanty = |b(7)b(7))|.

ProoF oF THEOREMS 2 AND 3. We provide the proof of both theorems
together because the notation introduced in Theorem 2 enables a simple
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formulation of Theorem 3 and because the result of Theorem 3 is needed for
the proof of Theorem 2. Our proof consists of three parts.

Part I. Since R is a convex body, for every direction # such that
w(R, /)= A(R) there are a(/), b(/)EbA(R) such that |a(£)b(/)| =

—
A(R) and that a(#£)b( /) is of the direction Z (see [3], p. 77).

Part II. Let 7, and », be directions as in the assumptions of Theorem 3.
By Part I of our proof there exist consecutive (according to the positive
orientation) points a,, a,, b, b,Ebd(R) such that |a;b;| = A(R) and that a_,»b_;is
of the direction »;, i =1, 2. Let w, x, ¥, z be consecutive vertices of the
rhombus

Q=SR, 2)N SR, m)

such that g, Ewx, a,Exy, b,Eyz and b,Ezw.

We will show that @,a, = a,a,. Suppose the opposite. Of course, a, # a,. Let
K denote this straight line parallel to a,a, which supports R at a point of a,a,.
Let L be the line parallel to K passing in the half of the distance between a,a,
and K. The intersection of R with the halfplane bounded by L and containing
a,a, 1s denoted by R;.

Let ¢, denote the intersection of L with wx. Observe that there are directions
Z, 4 such that 7, < £ < 4, < m, and that

(1) w(R,, z)ZAR) form,<xm=<{ andfor 4<m<m,.
There is an ¢ > 0 such that
) iff{< m< 4, thenw(R, 7)Z=AR)+e.

Really, in the opposite case a sequence { ;) of directions between 4 and 4
would exist such that lim;,__ w(R, »#;) = A(R), and thus, by compactness
arguments, a direction ~ between / and 4 would exist such that w(R, =) =
A(R), a contradiction with the assumptions of Theorem 3.

Let M be the line parallel to L passing between K and L in the distance ¢ from
K. The line M dissects R into two closed subsets; this containing R; is denoted
by R,,. Observe that

3) w(Ry, 72)Zw(R, m)—¢  forevery direction .

From (1), (2), (3) and from R, C R,, C R we see that A(Ry) = A(R) which
contradicts the fact that R is a reduced body. Analogously, the assumption that
b,b, is not b,b, also leads to a contradiction. Hence
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4) 6@=ala2 and Eb\2= bb,.

Suppose that ¢, # x and a, # x. Then both the angles £b,a,4, and Lb,a,a,
are smaller than i z. In virtue of (4) we obtain that the width of R in a direction
between 2, and 2, is smaller that A(R). A contradiction. Thus a, or a,
coincides with x. Similarly we show that b, or b, coincides with z. Since Qisa
rhombus,

) either g,=x and b,=2z, or ¢,=x and b, ==z.
Consequently,
(6) one of each two opposite sides of Q contains only one point of R.

From (4) and (5) we see that one of the segments a,a,, b, b, is perpendicular
to ~2, and the other to »2,. The assumption that R is reduced and (4) show that
the angle y from »z, to #2, is not greater than iz.

From (5) it results that |a,a,| = | b,b,|. Consequently, the angles between
the diagonals and the bases of the trapezium a,a,b,b, are 1. Moreover, the
diagonals are perpendicular to the arms of the trapezium. From |g,b,| =
A(R) = |a,b,| we obtain |a,a,| = A(R)tan iy = | bb,|.

Part III. We show the uniqueness of a(#) and b( /) in Theorem 2.

Suppose the opposite: there are a’(£) +# a(/ ) and b’(£) # b(£) in bd(R)
such that a’'(£)b" (/) = a(/)b( /). Since the parallel segments a(£)a’(£)
and b(/)b'( /) are in bd(R), there is a direction 4 < #'such that w(R, 4 )=
AR)=w(R, /) and that w(R, ~)>A(R) for every direction ~ strictly
between 4 and # Consequently Part II of our proof can be applied to
directions 4 and Z Particularly, (6) contradicts a’( £) # a( /) and b'(£) #
b( /). Thus a( /) and b( /) are unique.

Theorems 2 and 3 are proved.

Since w(R, /) is a continuous function of # then w(R, 7 ) > A(R) implies
that there are »2,, », such that 2, < » < 7, and that w(R, /) > A(R) for
every / between 2, and ~,. Hence Theorem 3 and the fact that bodies of
constant width do not have segments in the boundaries imply

CoROLLARY 2 ([1]). Every strictly convex reduced body in E* is of constant
width.

COROLLARY 3. Let w(R, £)=AR)=w(R, 4,) and let a(£))=a(4).
Then w(R, /)= A(R) for every direction £ between Z, and /,. Moreover, the
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shorter arc of the circle with the centre a( £)) = a( 4,) and radius A(R) connect-
ing b(4) and b( 4,)) is in bd(R).

Proor. If w(R, £)> A(R) for a direction £ strictly between 4 and 4,
then by the continuity of w(R, /) there are directions £, £, such that
w(R, 7)> A(R) for every » with £, < 7 < #£,. From Theorem 3 we see
that a(£,) # a(£,). This contradicts the obvious fact that a(£,) and a(£,)
coincide with a( 4 ) = a(4). Hence w(R, /) = A(R) for every / between £
and 4. The second statement of Corollary 3 is obvious now.

THEOREM 4. Let the intersection of a reduced body R with a supporting line
L of R be a segment x,x,, where x; # X,.

(a) We have w(R, /)= A(R) for £ perpendicular to x,x,.

(b) The parallel to L opposite supporting line L’ of R supports R at exactly
one point y and the projection x of y on L belongs to x,x,.

(c) Let i€{1,2} and x # x;. Let y, €L’ fulfil |xy;| = AR) and |yy;| =
|xx;|. Then yy; C bd(R).

Proor. (a) Let /Z be one of the two directions perpendicular to x,x,.
Suppose that w(R, Z)> A(R). Then there are directions £, £, such that
£ < < £y wR, £)=AR)=w(R, £) and that w(R, £)>A(R) for
every direction £ strictly between £, and 4,. This, Theorem 1, and the fact
that x,, x, are extreme points of R imply that the strip S(R, £;) passes through
x;,i = 1, 2, the lines through x; bounding S(R, £;), where i = 1, 2, intersect at
a point x,. Since x, & x,X,, we have x,& R. This contradicts (5) (x, plays the
part of x or z there).

(b) Let 2, be one of the two directions perpendicular to L. By (a) we have
w(R, 7,) = A(R). Suppose that L’ N R consists of more than one point.
Applying Theorem 2 we see that one of the two segments L N R, L’ N R has
the form a,a, and the other has the form byb,, where a, = a() # a, and
b, = b(#2,) # by. Thus there is a direction 2, # 2, such that w(R, »,) =
A(R) = w(R, m,) and that w(R, ) > A(R) for every » strictly between »z;
and »z,. Hence the assumptions of Theorem 3 are fulfilled. Applying (6) we get
a contradiction with the fact that R has more than one point in L as well as
more than one point in L’

(c) Consider the case i = 1. Let the order of x,, x, x; on bd(R) correspond to
the orientation. Denote by 2, the direction of the vector x) and by »z, the
direction of x,y,. Clearly, 7, < 7, There is a direction ~z, such that
m, < m, W(R, m)=A(R) and w(R, 7»)>A(R) for every ~ strictly
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between 2, and »z,. Since x,, x, y €R, we have 724 < #2,.If m2y < m2,,thenin
virtue of Theorem 3 there exists x, €Ebd(R) such that x; is an interior point of
the segment x,x. A contradiction. Thus ~2, = ~,. By Theorem 3 we see that
yy; C bd(R).

The left and the right supporting lines of a convex body C C E? are called
extreme supporting lines of C.

THEOREM 5. Let R C E? be a reduced convex body. We have w(R, /) =
A(R) if and only if at least one of the two supporting lines of R perpendicular to /
is an extreme supporting line of R.

PRrROOF. Let a straight line L perpendicular to Z be an extreme supporting
line of R, say left. If L contains more than one point of R, by Theorem 4 we see
that w(R, /)= A(R). Consider the case when L supports R only at one point
p. There is a sequence {p;} of different points of bd(R) monotonically
convergent to p from the left and such that pp,,, is not in bd(R) for
i=1,2,.... The straight line through p; and p,,,, where i€{1,2,...},
dissects R into two closed convex subsets; the subset containing p is denoted by
R,. Since R is reduced and since R; is properly contained in R, then there is an
R,-strip S(R;, ) of thickness smaller than A(R). Observe that S(R, ) is the
limit of S(R;, /) as i tends to co. Hence w(R, ') = A(R).

Suppose that both the supporting lines of R perpendicular to # are not
extreme. Each supports R at exactly one point; denote them by g and r. Since
the lines are not extreme, there are directions 4 and 4 such that 4 < /< 4
and that for every » between / and 4 the R-strip S(R, »2) passes through q
and r. Consequently, w(R, £)> A(R).

COROLLARY 4. Through every boundary point of a reduced body R C E? an
R-strip of width A(R) passes.

THEOREM 6. For every extreme point e of a reduced body R C E? there
exists a direction m such that w(R, =)= AR) and a(m»)=e.

Proor. Denote the left and the right supporting lines of R at e by L, and
L,. Let / be the direction perpendicular to L, and showing from e to the
halfplane bounded by L; and containing R, i =1, 2.

Case 1. If L, or L, supports R only at e, apply Theorems 2 and 5.

Case 2. Let L,, L, be different and let both contain nondegenerate
segments of bd(R). If w(R, £) > A(R) for every / strictly between # and 4,
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we get a contradiction with Theorems 2 and 3. Hence w(R, »)=A(R) for a
direction m strictly between Z and 4. Of course, a(m) = e.

Case 3. Let L, coincide with L, and have in common with bd(R) a
segment x,X,, where x, = e. We apply part (c) of Theorem 4. If x taking place in
Theorem 4 is different from x;, then we get a contradiction with L, = L,. Thus
x = x, which means that a( /) = e.

If e is an exposed point of R, then Case 3 of the above proof is impossible.
This leads us to the next corollary.

COROLLARY 5. For every exposed point e of a reduced body R C E? there is
an R-strip of thickness A(R) with a bounding line strictly supporting R at e.

The author conjectures that many results of this section can be generalized
for reduced bodies in E¢, particularly, parts (a) and (b) of Theorem 4 (where a
face would play the part of the segment x,x,), Theorem 6, and Corollaries 4
and 5.

4. Reduced polygons

Let V=u,---v, be a convex n-gon. If k&{1,...,n}, then by vy, we
understand the vertex v,,, where m = k(mod n)and m€{1,...,n}.

THEOREM 7. Every reduced polygon has an odd number of vertices. A
convex odd-gon V = v,v,- - -v, is reduced if and only if for every i €{1, ..., n}
the projection of v, on the line L; through v; 1y, and v 1y is strictly
between the two vertices and if the distance from v, to L, is the same for every
i€{l,...,n}.

PrOOF. Let V =u1,-- v, be a reduced n-gon. By Corollary 5 for every
i€{l,...,n) there is a direction Z such that the V-strip S(V, £) has
thickness A(¥) and that a line bounding the strip strictly supports V at v;.
Denote by ¢; the perpendicular projection of v; on the opposite line bounding
the strip S(V, £), i =1, ..., n. Observe that ¢ is in the relative interior of
a side T; of Vfori =1,..., n(in the opposite case we could find a direction
/! close to /4 such that w(S, Z)<A(V)). Since the segments
a(Z)b(Z)),...,a(£)b(Z) pairwise intersect, we conclude that the sides
T,,..., T, are different and consecutive. Consequently, n is odd and for
i=1,...,nwehave
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Q) T, = Vivim—2Visn+y2-

Of course, the distance from v, to L; is A(V) forevery i €{1,...,n}.

Finally, we show the “if” part of the second statement of our Theorem. Let
I€(1, ..., n}.Since the perpendicular projection of v;on L; is strictly between
Vitm—ty2a0d U o4 y2 forj =i, forj =i +(n — 1)/2,and forj =i + (n + 1)/2,
then the line parallel to L; through v; has in common with V only v;. Since the
distance from u; to L; is the same for every i €(1,..., n}, then for every
convex body Z being a proper subset of V' we have A(Z) < A(V). Hence V is
reduced.

The proof is complete.

Now, after Theorem 7, we are ready to introduce some notation in a reduced
n-gon V =uu,- - -v,, where n€{3,5,7,...}. The side T; (see (7)) is called
opposite to the vertex v, i = 1, ..., n. The projection of v; on T; is denoted by
t,i=1,...,n. The segment vy, is called the height of V from the vertex v,
i=1,...,n. The closed segments connecting v; with the endpoints of the

opposite side T; are called diagonals from v,,i =1, ..., n. By Theorem 3 we
get
®8) Vi v+ 1y2] = 1V ms2l

fori=1,...,n.Let

)] a; =Ly wit; and B = Ltviv sy
fori=1,...,n. By Theorem 3 for every i €(1,..., n} we have
(10) ;= Ly (n e y2Vi2tn+ 12V =1y

(11) Bi = LUV uaiyali+n+ 1y2e

By (10) and (11), from the right triangle v, v, , , + 1y, We get (o; + ;) + B; =
jn. Thus for i€{1,..., n} we have

(12) a;=4n—28; and B;=in — ja,

From (9) and (10) we see that 2 2| o; = (n — 2)z. By (12) we get
(13) I pi=in
i=1

THEOREM 8. Let V =uvu,: - v, be a reduced n-gon andleti€{l1, ..., n).
The angles between the height from v; and the sides of V ending at v; are at least
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im. The angles between the height from v; and the diagonals from v, are at most
in. In each of the above properties, an angle equal to i implies that V is a
regular triangle.

PROOF. Suppose that a; < ¢z for an index jE{1, ..., n}. Thanks to (12),
this is equivalent to the assumption that §; > ¢ 7. In order to avoid extensive
indices, let us put 2 =j + (n + 1)/2. The intersection of the straight lines
containing v;v;,, and 7} is denoted by ;. Since a; < f8;, from the triangle v;u;v,
we have

lyop | + tont;| > o | + (ut .
This and (8) imply
(14) fyon | > (4] + lut; .

On the other hand, from (8) we obtain that
(15) ity = (230}

for the arcs 4,1, and 7,0, of bd(¥). Since 7,7, is contained in the triangle #,u;t; and
since 7, v, is disjoint with the interior of the triangle v;u;v,, then the convexity of
Vand (15) imply |yv,| = |4 + |ut;| which contradicts (14). Thus o; = in
and §; = ¢7m.-

If o;= ¢ (which is equivalent to §; = 4n), then the triangle vu,v, is
equilateral and, by (15), it coincides with V.

The proof is complete.

In contrast to results of this section, we do not know if there exist reduced
polytopes of dimension greater than 2,

5. The diameter of a reduced body
THEOREM 9. For every reduced body R C E* we have
diam(R)/A(R) = /2,

and the equality holds only if R is the quarter of a disk. For every reduced
polygon V the inequality

diam(V)/AV) =3/3
is fulfilled with equality only if V is the regular triangle.



Vol. 70, 1990 REDUCED CONVEX BODIES 375

Proor. Since R is the convex hull of the set E(R) of extreme points of R,
the diameters of R and E(R) are equal. Thus in order to prove the first
inequality of our theorem it is sufficient to show that for every a,, a, EE(R) we
have |a,a,| =< ./2A(R).

In virtue of Theorem 6 there exists a direction # such that the strip
S, = S(R, /) has thickness A(R) and passes through a;, and that a( £) = a; for
i=1,2.Leth;=b(f)fori=1,2.

If S, = S,, then Theorem 2 implies |a,a,| =0 or |a,a,] = A(R).

If S, # S,, then the segments a,b, and a,b, intersect. Thus from |a,b,| =
A(R) = |a,b,| and a,b, C S, we get |a,a,| < ﬁA(R).

From the above considerations we see that if |g,a,| = ﬁA(R), then q,a,
and b,b, are perpendicular and b, = b,. By Corollary 3 we conclude that R is
the quarter of a disk.

Let V =u,- - -v, be a reduced n-gon and let |v;u,| = diam(}V) for some
J,k€{l,...,n}. Of course, V is in the strip perpendicular to v, and
containing v; and v, on the bounding lines. Theorem 7 implies k = +
(n—1/20ork=j+(n+ 1)/2. Thus from (9) and (11) we get

(16) diam(VYA(V)=max{secf;;i= 1,...,n}.

Theorem 8 and (16) imply that diam(V)/A(V) <secin = §\/§ with equality
only if V is a regular triangle.
The above established equality (16) together with (13) leads us to

COROLLARY 6. From amongst all reduced m-gons, wherem = n, of a fixed
thickness only the regular n-gon has the minimal diameter.

The author conjectures that for reduced bodies R C E?, where d = 2, the
maximum of the ratio diam(R)/A(R) is /2, and that ,/2 is attained only if R is
the convex hull of the centre of a sphere of radius r and of a maximal (by
inclusion) subset of this sphere of diameter ﬁr (two examples of such R are at
the ends of Sections 1 and 6).

6. The perimeter of a reduced body
THEOREM 10. For every reduced body R C E* we have
perim(R)Y/A(R) =2 +in

with equality only for R being the quarter of a disk. For every reduced polygon V
we have
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perim(VYA(V) = 2./3,
and the equality holds only if V is the regular triangle.

ProOF. We start from three properties needed later in the proof. From the
formula for the tangent of the sum of two angles we see that

if & + &+ - -« <imforpositive £, >0,&>0,...,
a7 o -
then ¥ tan& =<tan ) &.
i=1 i=1

From the convexity of tan x between 0 and 47 we have:

1f0§71 <61 é62<}’1 <%n and ify] + y2=5| +52,
(18)
then tan §, + tan §, <tan y, + tan y,.
Here is the third property:

if0=Sw, =in fbri=1,2,... andifw, + w, + --- =1in,
(19) )
then ) tan w; =2tanin + tan{yx.
il
Let us show (19). There is an index A such that w; + - - - + w, > 7. We see
that the number wy = w; ., + @;,, + - - - is less than or equal to §z. Applying
(18) to wy, ..., w; a finite number of times, and having in mind that w, +
v+ w,=4inrandthat 0= w, <imfori=0,...,h, weget

tanw,+ - -+ +tan w, < 2tanizn + tan {57.
Moreover, from (17) we get
tan wy ., +tan w; ., + - - -+ = tan w,.

Both the above inequalities give (19).

In the boundary of R there are at most countably many pairs of opposite
segments described in Theorem 3. Denote them by W}, Z;, where j€J. For
every jEJ denote by y; the angle between the directions »2, and 2, (as in
Theorem 3) perpendicular to W}, Z,, respectively. From Theorem 3 we obtain

(20) |W;| = |Z;| =(tan}y)ARR)  forjEJ.

By the well-known Cauchy’s formula (see [3], p. 89) we have
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@1) perim (R) = [ " w(S, £)da,
0

where Z is the direction such that the oriented angle from a fixed direction /
to Z, is a. In virtue of Theorem 3, the above integral taken only over « such
that w(S, Z )= A(R) is equal to (1 — y)A(R), where y = Zies ¥ By (20) we
conclude that
(22) perim(R) = (n —w+2Y tan %y/,-) A(R).
=

CASE 1, when we have y; = 37 for every jEJ.

Since x <tan x for 0 = x <inm, we see that 1 — ¢ < 6 tan }{(x — y). Thus
from (22) we obtain
(23) perim(R)/A(R) =2 [3 tani(z —y)+ Y tan fl//,] .

jeJ

Since J contains at most countably many indices j, and since 0 =iy, <in

for every j€J and 0 < }(n — y) = ix, then from (19) and from (23) we get

perim(R)/A(R) <2[2tanin +tan 4n] <2 + in.

CASE 2, when there exists k €J such that v, = in.
Applying (17) to (22) we get

(24) perim(RYA(R)=n — y + 2taniy, + 2 tand(y — w).

Denote the endpoints of W, by a, b, and the endpoints of Z, by ¢, d such that
ab, bd are perpendicular and that ac, cd are perpendicular. Let p be the
intersection of the straight lines containing segments ab and cd. Of course,
Lbac = Lbdc = in — y,. Thus

|bp| = |cp| = A(R)tan(3m — y;) = A(R)cot y;.

Consequently, the sum of lengths of the boundary segments of R which are in
the triangle bpc is not greater than 2A(R)cot . Thus by (20) and from
tan x = x for 0 < x < 4z we conclude that

2AR)cot y ZA(R) X taniy; ZARR) T 1y = ARy — w),

jek JjEK
where K = J\ {k}. Consequently,

(25) v — ¥ = 4coty,.
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It is easy to check that the function 2 tan ix — x is increasing for x between 0
and ix. Thus from (25) we get

2tani(y — v ) — (v — wi) = 2 tan(2 cot ;) — 4 cot ;.
Consequently, from (24) we obtain
(26) perim(RY/A(R) = flv),
where
fx)=n —x+2tanix + 2 tan(2 cot x) — 4 cot x.

Since the second derivative

tan ix + 16 tan(2 cot x) + 4 sin%(2 cot x)sin 2x

cos’ix cos’(2 cot x)sin* x

of f(x) is positive for 4 = x <in, we see that f(x) is a convex function
between iz and iz. Thus f(3n)=2+in and f(3n)<2+ i{r imply that
f(x) = 2 + }nfor x between #x and §z with equality only if x = 7. Hence (26)
means that perim(R)/A(R) =2+ ir for iz =< y, =< in with equality only if
¥ = 3n. By Theorem 3 and Corollary 3 we have y, = {7 only for R being the
quarter of a disk.

Now, consider a reduced n-gon V. From (8) and (11) we see that

@ perim(VYA(V)=2 3 tanf,,

where f; is defined in (9).

By Theorem 8 we have 0<p;, <i{mfori=1,..., n. Thus from (13) and
(27), applying (18) a number of times, we obtain perim(V)/A(V) < 6tanin =
2\/3 . From (27), (18) and from the last statement of Theorem 8 we deduce that
perim(V)/A(V) = 2\/3 only if Vis a regular triangle.

Theorem 10 is proved.

By (13) and (18) we see that Z7_, tan §; = n tan(n/2n) and that the equality

holds only if 8, = - - - = B,. Hence from (27) we obtain

CoRrOLLARY 7. From amongst all reduced polygons of a fixed width and at
most n vertices, only the regular n-gon has the minimal perimeter.

From (21) and from Theorem 3 we get one more Corollary.
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COROLLARY 8. Let R C E? be a reduced body and let w(R, /) = A(R) for
a direction £ Then points a( /) and b(£) halve the perimeter of R.

The author conjectures that area(R)/A(R) < in with equality only if R is a
disk or the quarter of a disk. For bodies of constant width the above inequality
is well known and the equality holds only if R is a disk (cf. [3], p. 128). Let us
formulate a more general conjecture for the i-th volume w;(R) of R in E¢. We
conjecture that for every i€{0,...,d — 1} the maximum of the ratio
w;(R)/A(R) over all reduced bodies R C E“ is attained for the body

(.. yxa)yxt+ - +x3=1 and x, = /xt+ -+ +x3).
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